We investigate the chemical-potential (µ) dependence of static-quark free energies in both the real and imaginary µ regions, performing lattice QCD simulations at imaginary µ and extrapolating the results to the real µ region with analytic continuation. Lattice QCD calculations are done on a 16 3 ×4 lattice with the clover-improved two-flavor Wilson fermion action and the renormalization-group improved Iwasaki gauge action. Static-quark potentials are evaluated from the Polyakov-loop correlation functions in the deconfinement phase. As the analytic continuation, the potential calculated at imaginary µ = iµI is expanded into a Taylor-expansion series of iµI/T up to 4th order and the pure imaginary variable iµI/T is replaced by the real one µR/T . At real µ, the 4th-order term weakens µ dependence of the potential sizably. At long distance, all of the color singlet and nonsinglet potentials tend to twice the single-quark free energy, indicating that the interactions between static quarks are fully color-screened for finite µ. For both real and imaginary µ, the color-singlet qq and the color-antitriplet qq interaction are attractive, whereas the color-octet qq and the color-sextet qq interaction are repulsive. The attractive interactions have stronger µ/T dependence than the repulsive interactions. The color-Debye screening mass is extracted from the color-singlet potential at imaginary µ, and the mass is extrapolated to real µ by analytic continuation. The screening mass thus obtained has stronger µ dependence than the prediction of the hard thermal loop perturbation theory at both real and imaginary µ.
I. INTRODUCTION
Recent relativistic heavy-ion collision experiments have revealed various properties of QCD, suggesting the realization of the QCD phase transition from the hadronic phase to the quark gluon plasma (QGP) phase [1] , although no clear evidence of the transition is presented yet. Meanwhile, lattice QCD (LQCD) simulations provide very precise information on QCD particularly at finite temperature (T ) and small quarknumber chemical potential (µ), although LQCD simulations have the serious sign problem at large µ/T ; see for example Ref. [2] . The LQCD simulations are complementary to the experiments, since the former is suitable to understand static properties of QCD and the latter is to investigate dynamical properties of QCD.
Finite-density calculations in LQCD are affected by the well-known sign problem, that is, the fermion determinant det M (µ) becomes complex for finite µ and thus prohibits the use of conventional numerical algorithms. In order to avoid the sign problem, several approaches have been proposed so far [2, 3] . One is the imaginary chemical potential approach. For pure imaginary chemical potential (µ = iµ I ), the fermion determinant is real, so that LQCD simulations become feasible. Observables at real µ are extracted from those at imaginary µ with analytic continuation.
In the imaginary µ region, QCD has two characteristic properties, the Roberge-Weiss (RW) periodicity and the RW phase transition [4, 5] . The QCD grand partition function has a periodicity of 2π/N c in µ I /T :
for integer k and the number of color N c = 3. This is called the RW periodicity. Roberge and Weiss also showed that a first-order phase transition occurs at T ≥ T RW and µ/T = iπ/N c . This is named the RW phase transition, and T RW is slightly larger than the pseudo-critical temperature T pc of the deconfinement transition at zero µ. These features are remnants of Z Nc symmetry in the pure gauge limit. The order parameter of the RW phase transition is a C-odd quantity such as the phase of the Polyakov loop [6] , where C means charge conjugation. These properties are confirmed by LQCD simulations [7] [8] [9] [10] [11] [12] . The free energies between two static quarks are fundamental quantities to understand medium effects in QGP. For example, the color-Debye screening mass is the inverse of the range of the color-singlet potential determined from the free energies. The potential largely affects the behavior of heavy-quark bound states such as J/Ψ and Υ in QGP created at the center of heavy-ion collisions [13] . In LQCD, the static-quark potential is evaluated from the Polyakov-loop correlation function. For zero chemical potential, T dependence of the static-quark potential was investigated by quenched QCD [14] [15] [16] and full QCD with staggered-type [17] and Wilson-type quark actions [18] [19] [20] . For small µ/T , it was analyzed by the Taylorexpansion method with staggered-type [21] and Wilson-type quark actions [22] . In the analysis [22] , the expansion coefficients are taken up to 2nd order of µ/T .
In this paper, we investigate µ dependence of static-quark free energies and the color-Debye screening mass in both the imaginary and real µ regions, performing LQCD simulations at imaginary µ with standard numerical algorithms and extrapolating the result to the real µ = µ R region with analytic continuation. LQCD simulations are done on a 16 3 × 4 lattice with the clover-improved two-flavor Wilson fermion action and the renormalization-group (RG) improved Iwasaki gauge action. We consider two temperatures above T pc , i.e., T /T pc = 1.20 and 1.35. Following the previous LQCD simulation [22] at small µ/T , we compute static-quark free energies along the line of constant physics at m PS /m V = 0.80. This corresponds to considering an intermediate quark mass. As the analytic continuation, the static-quark potential at imaginary µ = iµ I is expanded into a Taylor-expansion series of iµ I /T and pure imaginary variable iµ I /T is replaced by real one µ R /T .
In the present work the Taylor-expansion coefficients of the static-quark potential are evaluated up to 4th order, whereas the coefficients were computed up to 2nd order in Ref. [22] . It is found that the 4th-order term yields non-negligible contributions to µ dependence of the static-quark potentials at real µ. At long distance, all of the color singlet and non-singlet potentials tend to twice the single-quark free energy, indicating that the interactions between static quarks are fully colorscreened. Although this property is known for finite T and zero µ [19] , the present work shows that the property persists also for finite µ. For both real and imaginary µ, the colorsingletand the color-antitripletinteraction are attractive, whereas the color-octetand the color-sextetinteraction are repulsive. The attractive interactions become weak as (µ/T ) 2 increases, whereas the repulsive interactions little depend on µ. The color-Debye screening mass at imaginary µ is extracted from the color-singlet potential there. The mass at real µ is extrapolated from the mass at imaginary µ by analytic continuation, i.e., by expanding the mass at imaginary µ into a power series of iµ I /T up to 2nd order and replacing iµ I by µ R . The (µ/T ) dependence of the screening mass is found to be stronger than the prediction of the hard thermal loop perturbation theory (HTLpt).
This paper is organized as follows. Section II presents the lattice action and the definition of static-quark free energies. In Sec. III, we show simulation parameters and numerical results for the Polyakov loop and the static-quark free energies in the color-singlet, -octet, -antitriplet and -sextet channels. We also extract the color-Debye screening mass from the color-singlet potential and compare it with the results of the hard thermal loop perturbation theory. Section IV is devoted to a summary.
II. LATTICE FORMULATION

A. Lattice action
We use the RG-improved Iwasaki gauge action S g [23] and the clover-improved two-flavor Wilson quark action S q [24] defined by
where β = 6/g 2 , c 1 = −0.331, c 0 = 1 − 8c 1 , and
Here κ is the hopping parameter, µ is the quark chemical potential in lattice unit, and F µν is the lattice field strength,
with f µν the standard clover-shaped combination of gauge links. For the clover coefficient c SW , we adopt a mean field value using W 1×1 calculated in the one-loop perturbation theory [23] :
We denote the spatial and temporal lattice size as N s and N t , respectively. At µ = 0, a value of κ is determined for each β along the line of constant physics with m PS /m V = 0.80 obtained in Ref. [20, 25, 26] .
B. Static-quark free energies
The Polyakov loop is defined as
with link variables U µ ∈ SU(3). At imaginary µ, the ensemble average of the Polyakov loop becomes a complex number, TrL(0) ≡ Φe iθ . The modulus is related to the single-quark free energy F q as
The modulus and phase, Φ and θ, are the order parameters of the confinement/deconfinement and RW phase transitions [6] , respectively. After taking an appropriate gauge fixing, one can derive the static-quark free energies (potentials) V M of color channel M from the Polyakov-loop correlators [27, 28] :
e −V6(r,T,µ)/T = 1 12 TrL(x)TrL(y)
where r = |x − y| and the subscripts M = (1, 8, 3 * , 6) mean the color-singlet, -octet, -antitriplet and -sextet channels, respectively. We adopt both the Coulomb gauge fixing and the Landau gauge fixing. As shown in Sec. III, however, the latter breaks the RW periodicity of V M , whereas the former preserves it. We then mainly use the Coulomb gauge fixing in this paper.
For the color-singlet potential V 1 (r), the corresponding Polyakov-loop correlator is 1 at r = 0, and hence V 1 (0) = 0. For the color non-singlet potentials, the corresponding Polyakov-loop correlators are not 1 at r = 0. Therefore, the color-singlet potential tends to a common value independent of T and µ in the short-distance limit, but the color non-singlet potentials do not. These properties will be shown explicitly in Sec. III.
In general, the V M (M = 1, 8, 3 * , 6) are complex at finite imaginary µ. The real part of V M is C-even and the imaginary part is C-odd. This can be easily understood by expanding V M into a power series of iµ I /T :
where we consider terms up to 4th order. The potential V M at real µ is obtained from that at imaginary µ by analytic continuation, i.e., by replacing iµ I /T by µ R /T :
The WHOT-QCD Collaboration calculated the Taylorexpansion coefficients of V M up to 2nd order by using the Taylor-expansion method and the reweighting technique with the Gaussian approximation for the distribution of the complex phase of the quark determinant [22] . In this work, meanwhile, we obtain the coefficients up to 4th order from V M at imaginary µ by expanding it as in (12) . As shown in Sec. III, the v 2 (r) thus obtained is consistent with the results (ref. [22] ) calculated directly with the Taylor-expansion method, and the v 4 (r) yields non-negligible contributions to µ R dependence of V M . We do not adopt the definition of the renormalized Polyakov-loop correlators that are adjusted the absolute value as discussed in Ref. [29] . However, our approach is adequate to investigate the dependence of the static-quark potentials on µ, since the lattice spacing a is common for each µ. The renormalization procedure thus changes only v 0 , but not v 2 and v 4 .
III. NUMERICAL RESULTS
The Hybrid Monte-Carlo algorithm is used to generate full QCD configurations with two-flavor dynamical quarks. The simulations are performed on a lattice of either
The step size of the molecular dynamics is δτ = 0.01 and the step number of the dynamics is N τ = 100. The acceptance ratio is more than 95%. We generated 16,000 trajectories and removed the first 1,000 trajectories as thermalization for all the parameter set. We measured the staticquark potential at every 100 trajectories. The relation of parameters κ and β to the corresponding T /T pc is determined in Ref. [20, 25, 26] ; see Table I for the relation. [20, 25, 26] . Tpc is the pseudocritical temperature at µ = 0. In this parameter setting, the lattice spacing a is about 0.14 ∼ 0.2 fm.
A. Polyakov loop
First we investigate the behavior of the expectation value of the Polyakov loop, TrL(0) ≡ Φe iθ , at finite imaginary µ. Figures 1 and 2 show µ I /T dependence of Φ and θ, respectively, and panels (a) and (b) correspond to results of 12 3 × 4 and 16 3 × 4 lattices, respectively. For both the lattice sizes, Φ as a C-even quantity has a cusp and θ as a C-odd quantity has a jump from 0 to −2π/3 at µ I /T = π/3, when T /T pc = 1.2 and 1.35. These properties are characteristic of the RW phase transition [5] , and the critical endpoint T RW of the RW phase transition is located at 1.08T pc < T RW < 1.2T pc . Obviously, an order parameter of the transition is a C-odd quantity [6] . The modulus Φ as a C-even quantity is mirror symmetric with respect to the line of µ I /T = π/3. This is a result of the RW periodicity Φ(µ I /T ) = Φ(µ I /T + 2π/3) and C-evenness
For T /T pc = 1.08, Φ rapidly decreases as µ I /T increases, indicating that the system is in the deconfinement phase at small µ I /T but in the confinement phase near µ I /T = π/3. At T /T pc = 1.20 and 1.35, the system is always in the deconfinement phase, and calculated results agree with each other between 12 3 × 4 and 16 3 × 4 lattice sizes. This indicates that the 16 3 × 4 lattice is large enough. We then calculate the static-quark potential at T /T pc = 1.20 and 1.35 on a 16 3 × 4 lattice. 
B. qq potential
At imaginary µ, thepotentials, V M (M = 1, 8), are C-even and hence real. Meanwhile, thepotentials, V M (M = 3 * , 6), are not C-even and consequently becomes complex. We then consider the real part of V M for all the color channels. Figure 3 shows the color-singlet potential V 1 (r) at T /T pc = 1.20 based on (a) the Coulomb and (b) the Landau gauge fixing. The potential has a small imaginary component coming from numerical errors in actual calculations, but it is neglected here. Here imaginary chemical potential is varied from µ I /T = 0 to 1.2. As mentioned in Sec. III A, C-even quantities such as V M are mirror symmetric with respect to the line µ I /T = π/3. This property is satisfied for the Coulomb gauge fixing, but not for the Landau gauge fixing; compare results of µ I /T = 0.9 (1.0) with those of µ I /T = 1.2 (1.1). This result is natural, because the Coulomb gauge condition is invariant under the Z 3 transformation, but the Landau gauge condition is not. For this reason, hereafter, we take the Coulomb gauge fixing. Now we evaluate v 2 (r) and v 4 (r) from V 1 (r) at imaginary µ by expanding it as in (12) , and compare the original value of V 1 (r) with the value of the right-hand side of (12) in order to investigate the accuracy of the expansion. The relative error between the two values is less than 0.5 %, indicating that the expansion is highly accurate. Those coefficients are shown in Fig. 4 ; see Tables II and IV Even at higher T such as T /T pc = 1.35, the contribution is not negligible. Our data and the previous ones estimated by the Taylor-expansion method in Ref. [22] are plotted on the panel (b) in Fig. 4 , for a comparison. It is found that both data are consistent within error bars. Figure 5 shows the color-singlet potential at imaginary and real µ for (a) T /T pc = 1.20 and (b) T /T pc = 1.35. The potential V 1 (r) at real µ is extracted by replacing iµ I /T by µ R /T in the Taylor-expansion series up to 4th order. The chemical potential is varied from (µ/T ) 2 = −1.0 to 1.0. In this study, the lattice spacing a is common to all µ for each T , so one can compare V M between different values of µ/T without additional adjustments to the short distance [17, 19] . The potential V 1 (r) tends to a common value independent of µ/T as r decreases. Similar behavior is also seen for temperature dependence in Ref. [19] .
The potential V 1 is C-even, so that v 1 (r) = v 3 (r) = 0.
Furthermore, if v 4 (r) = 0, the potential V 1 /T will linearly depend on (µ/T ) 2 . For T /T pc = 1.20, v 4 (r) is comparable to v 2 (r). For this property, in panel (a) of Fig. 5 , µ/T dependence of V 1 /T is much weaker at real µ than at imaginary µ. In panel (b) of T /T pc = 1.35, the expansion coefficient v 4 (r) is still non-negligible compared with v 2 (r), so that V 1 /T has still weaker µ/T dependence at real µ than at imaginary µ.
As an estimate of the accuracy of the Taylor-expansion series up to 4th order, we assume that the expansion series is reliable when the magnitude of the 4th-order term is less than 10% of the total potential V 1 . We have numerically confirmed that this condition is satisfied at µ R /T < 1.2 for T /T pc = 1.20 and at µ R /T < 1.4 for T /T pc = 1.35. The analytic continuation of V 1 from imaginary µ to real µ may thus be valid at least up to µ/T = 1.2.
The same analysis is made in Fig. 6 for the color-octet potential V 8 (r)/T ; see Tables II and IV in Appendix A for numerical data on the Taylor-expansion coefficients, v 2 (r) and v 4 (r), of V 8 (r). The potential has a small imaginary compo- nent coming from numerical errors in actual calculations, but it is neglected here. When µ/T is varied, the potentials are different in magnitude, but similar in r dependence. Therefore, the interaction −d(V 8 /T )/d(r/a) has weak µ/T dependence. Unlike the color-singlet potential V 1 (r), the color-octet potential V 8 (r) does not tend to a common value independent of µ/T , as r decreases. Meanwhile, the magnitude decreases monotonically as (µ/T ) 2 increases from -1 to 1. Again, µ/T dependence of the magnitude is weaker at real µ than at imaginary µ, because v 4 is non-negligible.
For the case of T > T pc and µ = 0, the potentials V M (r) are known to tend to twice the single-quark free energy 2F q (T, µ I ) in the limit of large r [19] . This behavior persists also for finite µ. The interactions between static quarks are thus color screened also for finite µ. Following the previous works [15, 16, 19, 20, 22] , we then subtract 2F q (T, µ I ) from V M (r). This subtracted static-quark potentials are convenient to see properties of the corresponding interactions −d(V M /T )/d(r/a). The subtracted static-quark potentials are shown in Fig. 7(a) for the color-singlet and -octet channels.
The singlet interaction is attractive, while the octet interaction is repulsive. In perturbation, the color-channel dependence comes from the Casimir factor
The subtracted potentials are then divided by the absolute values of the corresponding Casimir factors in order to extract non-perturbative properties from them. As shown in Fig. 7(b) , even after the normalization, the singlet interaction is stronger than the octet one, and the former has larger µ I /T dependence than the latter. Figures 8 and 9 show the real parts of the color-sextet and -antitripletpotentials, respectively, for (a) T /T pc = 1.20 and (b) T /T pc = 1.35. We tabulate numerical data on the Tables III and V of Appendix A. Again, the potentials tend to twice the single-quark free energy at large distance, indicating that the color screening takes place also for these non-singlet channels, even if µ is finite. Now twice the single-quark free energy are subtracted from the potentials. The results are shown in Fig. 10(a) . The antitriplet interaction is attractive, while the sextet interaction is repulsive, as expected from perturbation. In Fig. 10(b) , the potentials are divided by the absolute values of the corresponding Casimir factors. Even after the normalization, the attractive antitriplet interaction is stronger than the repulsive sextet interaction, and the former has stronger µ I /T dependence than the latter.
C. qq potential
Taylor-expansion coefficients in
D. Color-Debye screening mass
In order to analyze the color screening effect, we fit the static-quark potential to the screened Coulomb form
where α eff and m D (T, µ) are the effective running coupling and the Debye screening mass, respectively. We first focus our discussion on the color-singlet channel that is most important in the real world. Since V 1 = 0 in the limit of large r in (15), we extract the screening mass from the subtracted static-quark potential. Following the previous work [20] , we choose a fit range of √ 11 ≤ r/a ≤ 6.0. The color-Debye screening mass is calculable with the hard thermal loop perturbation theory (HTLpt). In leading-order (LO), m D is obtained [30] by
with the 2-loop running coupling g 2l given by
where the argument in the logarithms is rewritten into ν/Λ = (ν/T )(T /T pc )(T pc /Λ) with Λ = Λ N f =2 MS ≃ 261 MeV [31] and T pc ≃ 171 MeV [25] , and the renormalization point ν is assumed to be ν = 2π T 2 + µ 2 /π 2 [32] . Beyond LO, m D was evaluated in next-to next-to leading-order (NNLO) [33] by the Braaten-Nieto prescription [34] that is the effectivefield-theory approach based on "dimensional reduction".
In Fig. 11 , the screening mass is plotted as a function of (µ/T ) 2 at T /T pc = 1.20. The lattice results (crosses) are compared with the LO and NNLO HTLpt results of Refs. [30, 33] at ν = 2π T 2 + µ 2 /π 2 . In both LO and NNLO, m D has weak µ dependence. Figure 12 shows the (µ/T ) 2 dependence of m D for (a) T /T pc = 1.20 and (b) T /T pc = 1.35. The lattice-simulation results are plotted by the cross symbols. It is not easy to determine m D from the static-quark potential at large r, since the potential has weak r dependence there. As a result of this problem, the resultant m D is a bit scattered as a function of µ. The screening mass is then expanded up to 2nd order of µ/T :
where note that m D is C-even and hence it has no linear term of µ/T . The coefficients, a 0 (T ) and a 2 (T ), are determined from the m D at imaginary µ with the χ 2 fitting: for T /T pc = 1.20 and
for T /T pc = 1.35. The screening mass at real µ is extrapolated from that at imaginary µ by using (18) . The results of the extrapolation, denoted by the hatching area, are consistent with the previous LQCD result, shown by the circle symbol, at µ = 0 [20] for both T /T pc = 1.20 and 1.35.
In Fig. 12 , the dashed and solid lines denote the results of NNLO HTLpt calculations at ν = π T 2 + µ 2 /π 2 and 4π T 2 + µ 2 /π 2 , respectively. Comparing the hatching area with the dashed and solid lines, one may see that the LQCD results have stronger µ/T dependence than the prediction of the HTLpt.
In principle the same analysis is possible for the non-singlet channels, but in practice the color-Debye screening masses derived from the octet and sextet potentials have large errors since the magnitudes of the potentials are small. We then consider only the antitriplet channel and draw the latticesimulation results with cross symbols in Fig. 13 . The χ 2 fitting to the lattice results at imaginary µ yields
for T /T pc = 1.20 and
for T /T pc = 1.35. Results of the extrapolation (the hatching area) are consistent with the previous LQCD result (the circle symbol) at µ = 0 [20] for both cases of T /T pc = 1.20 and 1.35. Magnitudes and µ/T dependences of the screening masses thus obtained are similar to each other between the singlet and antitriplet channels. The screening masses increase as µ increases and the µ dependence is stronger than the prediction of the perturbation theory. The numerical values of the color-Debye screening masses are tabulated in Tables VI and  VI of Appendix A.
IV. SUMMARY
We have investigated µ dependence of the static-quark free energies (potentials) and the color-Debye screening mass in both the imaginary and real µ regions, performing LQCD simulations at imaginary µ and extrapolating the result to the real µ region with analytic continuation. LQCD calculations are done on a 16
3 × 4 lattice with the clover-improved twoflavor Wilson fermion action and the renormalization-group improved Iwasaki gauge action. We took an intermediate quark mass and considered two cases of T /T pc = 1.20 and 1.35.
The static-quark potential at real µ was obtained by expanding the potential at imaginary µ into a Taylor-expansion series of iµ I /T up to 4th order and replacing iµ I to µ R . Since the expansion series was taken only up to 2nd order in the previous analysis [22] , this is the first analysis that investigates contributions of the 4th-order term to the potential. We found that at real µ the 4th-order term weakens µ dependence of the potential sizably. This effect becomes more significant as T decreases toward T pc .
We have also investigated color-channel dependence of the static-quark potentials. At large distance, all the potentials tend to twice the single-quark free energy, indicating that the interactions are fully color screened. Although this property is known for finite T and zero µ [19] , the present analysis shows that the property persists also for finite µ. For both real and imaginary µ, the color-singletand the color-antitripletinteraction are attractive, whereas the color-octetand the color-sextetinteraction are repulsive. These interactions are divided by the absolute values of the corresponding Casimir factors in order to extract non-perturbative properties from them. Even after the normalization, the attractive interactions are stronger than the repulsive interactions, and the former interactions have stronger µ/T dependence than the latter ones.
The color-Debye screening mass is evaluated from the color-singlet potential at imaginary µ. The screening mass thus obtained at imaginary µ is extrapolated to real µ by expanding the mass at imaginary µ into a power series of iµ I /T up to 2nd order and replacing iµ I /T by µ R /T . The resulting mass has stronger µ dependence at both imaginary and real µ than the HTLpt prediction. Tables VI and VII show data lists of the color-Debye screening masses as a function of µ I /T in all the color channels at T = 1.20T pc and 1.35T pc . Symbols "· · · " mean that the fitting is unstable because the statistical errors of V 8 at this parameter point are quite big in the fit range. 
